We consider Friedel oscillation in the two-dimensional Dirac materials when Fermi level is near the van Hove singularity. Twisted graphene bilayer and the surface state of topological crystalline insulator are the representative materials which show low-energy saddle points that are feasible to probe by gating. We approximate the Fermi surface near saddle point with a hyperbola and calculate the static Lindhard response function. Employing a theorem of Lighthill, the induced charge density δn due to an impurity is obtained and the algebraic decay of δn is determined by the singularity of the static response function. Although a hyperbolic Fermi surface is rather different from a circular one, the static Lindhard response function in the present case shows a singularity similar with the response function associated with circular Fermi surface, which leads to the δn ∝ R −2 at large distance R. The dependences of charge density on the Fermi energy are different. Consequently, it is possible to observe in twisted graphene bilayer the evolution that δn ∝ R −3 near Dirac point changes to δn ∝ R −2 above the saddle point. Measurements using scanning tunnelling microscopy around the impurity sites could verify the prediction. 
I. INTRODUCTION
Saddle points quite often appear in band structure of two-dimensional crystals such as cuprate, and a logarithmic divergence, the van Hove singularity, [1] [2] [3] [4] in density of state (DOS) is derived from the hyperbolic band E(k) ∝ k 2 x − k 2 y near it. In addition, Fermi surfaces of different pockets in the Brillouin zone touch each other right at the saddle point. Based on weak-coupling theory, the divergent DOS was argued to dramatically raise the transition temperature of superconductivity as chemical potential moves toward the saddle point. 5, 6 Recently, the possibility of superconducting instability in doped graphene 7 was investigated using Kohn-Luttinger theory 8 and renormalization group analysis. 9 From practical point of view, however, graphene with Fermi level at several electron volts away from charge neutral point requires a significant amount of doping to achieve the desired state, which is difficult with current gating technology. 7 Thus, the twisted graphene bilayer (tGB) 10 and the topological crystalline insulator (TCI) 11 have drawn much attention due to the relatively low-energy van Hove singularity located at less than a hundred mili electron volts (meV)
away from the Dirac point. More recently, phosphorene, a single layer of black phosphorus, with a saddle point near the Fermi energy is also an interesting candidate material.
12-14
With the rapidly increasing research activities focusing on electronic [15] [16] [17] and magnetic [18] [19] [20] [21] [22] [23] [24] properties of saddle points in two-dimensional Dirac materials, it is important to explore and predict measurable quantities which have root in the hyperbolic band near the saddle point. One particular aspect is to observe the carrier density oscillation due to a localised impurity or defect, which can be implemented with the technique of scanning tunnelling microscopy (STM). 25 The oscillation, first predicted by Friedel 26 and thus named
Friedel oscillation (FO), is a unique consequence of the sharp Fermi surfaces of metals. In the process of elastic scattering by an impurity, the largest momentum transfer acquired by an electron is 2k F , which corresponds to the nesting vector of isotropic Fermi surface.
The long-range FO is also determined by the electron's wave functions around the Fermi surface. For two-dimensional electron gas with a parabolic band, Stein showed that the local charge density δn(R) ≈ sin(2k F R)/R 2 for k F R 1 away from the single impurity.
27
In doped graphene and other two-dimensional Dirac materials, electrons near the Fermi surface enclosing a Dirac point are described by two-component wavefunctions. The linear dispersion near the Dirac point results in the Berry phase of π and, consequently, a distinct dependence of 1/R 3 in FO, which is accounted for by the lack of backward scattering near the Fermi surface.
28-33
In contrast to the low-energy Fermi surfaces enclosing Dirac point, to the best of our knowledge, there has been little or none investigation regarding the FO in the case when Fermi level is close to or at the saddle point. In this paper we treat tGB and the surface states of TCI as examples and study the FO when Fermi level is near the saddle points.
Using the band structures obtained in simple models, the evolutions of Fermi surfaces in tGB and TCI can be seen in Fig. 1 . The colored arrows labelled by k D and k c represent the nesting vector when the Fermi level is near the Dirac point and saddle point, respectively.
Besides, we need to evaluate the Lindhard response function
with form factor F associated with the overlap between the two states connected by the momentum transfer q. In the static limit Ω → 0, the Lindhard function has a singularity near the nesting vector, which is related to Kohn anomaly. 34 Technically, FO, represented by the induced charge density δn(R), is encoded in the Fourier transformation of the dielectric function (q) with respect to the momentum transfer q. While δn(R) is vanishingly small for large R, the singularity appeared in Π at the nesting vector, q = k D or q = k c , gives rise to the desired FO. For this purpose and given the Lighthill theorem 35 which deals with the asymptotic behaviour of Fourier transform, it suffices to obtain the leading term in δn(R)
from the analytic expression of Π(q) in the vicinity of nesting vector. The circular and hyperbolic Fermi surfaces associated with two-dimensional electron gas (2DEG) and saddle point are different in the geometrical sense, and we find rather different functional forms of Lindhard response functions in the two cases. However, the leading singularity behaviours in both cases are found to be of the same order, which leads to similar oscillatory δn ∝ R −2 .
For the special case at saddle point, we argue that the oscillatory term in δn disappears despite that the bare Π does contain a singularity.
The paper has the following organizations. We introduce the band structure of tGB and surface states in TCI with two simplified models in Sec. II and discuss the wavefunctions associated with the states along the Fermi surface. We also argue that the form factor F factor can be dropped in the calculation of Π in Sec. III for the hyperbolic Fermi surface near the saddle points. In Sec. IV, the analytical properties of Π are then used in obtaining the δn, and a final discussion is given in Sec. V.
II. SADDLE POINT IN MODEL BAND STRUCTURE
We first consider tGB with a two-band model reproducing the band structure of a pair of Dirac points and a pair of saddle points at opposite energies. 18, 36 In real material, there are other saddle points in the Brillouin zone but we neglect them for the moment. In terms of the Pauli matrices σ x and σ y representing the mixed layer-sublattice characters of tGB, the Hamiltonian reads
from which the zero-energy Dirac points are observed to locate at the pair of momenta (0, ±K). The saddle points are found at the origin with energy of ±K 2 /2m. The term (K 2 /2m)σ x breaks the rotational symmetry of the otherwise isotropic quadratic band touching point. The constant-energy contours of spectrum E ± = ± 1 2m + µ is written as,
where the first term is the eigenvector of σ x with eigenvalue 1. In contrast to the wave- been demonstrated that different order of singularity is generated in Π. 33, 37 On the other hand, the nonzero form factor F can be ignored to simplify the calculations if we are mainly concerned with the singular behaviour of Π for q = k c .
The surface of TCI also consists of a pair of Dirac points at zero energy, but, in contrast with tGB, there are two saddle points at positive energy as shown in the right panel in Fig. 1 .
Following Ref. 24 , the simplified four-band Hamiltonian, which neglects the anisotropic Fermi velocities,
results in the spectrum
on the x-axis. The negative effective mass m y = −∆ 2 /δ can be understood from rewriting the four-band Hamiltonian H(∆ + k x , k y ) in the following form,
The four levels with energy ± √ 4∆ 2 + δ 2 and ±δ are obtained at the momentum (∆, 0).
Considering the second-order perturbations from the levels of E = ± √ 4∆ 2 + δ 2 to the level of E = δ, the above off-diagonal term proportional to k y gives rise to the desired negative mass. In addition, the wavefucntions Ψ v near the van Hove singularity at E = δ has the dominant component in (1 i 0 0) T / √ 2. Therefore, based on the same reasoning, it is valid to ignore the form factor F when evaluating the Lindhard function when chemical potential is near the saddle point.
III. STATIC LINDHARD FUNCTION
In this section we evaluate Π in the static case and focus on the Fermi surfaces close to or coinciding with the saddle point. We argue in previous section that the suppression of backscattering does not occur for momentum near the saddle point so the form factor F in Eq. 1 can be dropped. The Fermi surfaces near the saddle point can be specified by the 
where a superscript v is designated for its use near the van Hove singularity and D ≡ m/2π 2 stands for the density of state for a parabolic band with effective mass m = √ m x m y . Besides, we have imposed a momentum cutoff Λ, and Λ x ≡ k 2 y + k 2 c /4. For q = q xx , we proceed with integration by part and carefully deal with the sign of argument of logarithmic function, which leads to
For the case of k c = 0, which corresponds to the critical Fermi surface coinciding with saddle point, it is easy to show, assuming Λ q x , that
which is identical with the corresponding expression in Ref. 38 . We purposely attach a subscript 0 to it, emphasising that Π vHs 0
is associated with the Fermi surface of µ = 0. For positive k c without loss of generality, defining z ≡ q x /k c and λ ≡ 2Λ/k c , we find
with Θ ≈ π/2 for large cutoff Λ k c . Now we arrive at the key result of the present paper,
in which the second term diverges logarithmically as k c → 0. The singularity of Π is then encoded in P , which has an expression depending on whether z is less or greater than unity.
Using the Appendix, we obtain, for z < 1,
from which P (z = 0) = 2 is deduced. For z > 1,
The function P is plotted numerically in Fig. 2 . A cusp appears at z = 1, around which Π vHs has a discontinuous derivative. More precisely, P has the following expansion near z = 1,
For comparison, we list the corresponding Lindhard function associated with 2DEG,
from which one can easily see the singular term proportional to Θ(z −1) √ z − 1 is the leading contribution responsible for the FO. As for the doped graphene, the Lindhard function is given by,
with which we can deduce that
is the corresponding density of state at Fermi level. 
IV. FRIEDEL OSCILLATION
We now calculate the induced charge density δn(R) due to an external charge density
in which the dielectric function given in Ref. 32 is (q) = 1+v c (q)Π(q) with v c (q) = 2πe 2 /κq in the random phase approximation. In the limit of large R, following Ref. 39 , we employ the method of steepest descent to integrate out the angle between q and R. Assuming the variation of Π(q) with respect to orientation of q is smooth, the induced charge density is shown to be
For the case of 2DEG, the singular contribution in (q)
giving rise to,
with the Thomas-Fermi screening vector q TF = 2πe 2 D/κ as defined in Ref. 40 . The parameter γ 1 depending on the carrier density n will be discussed later. The same method is applicable to the case of saddle points in tGB and TCI. ForR x, the leading singular contribution to (q) −1 is proportional to Θ(k c − q) √ k c − q, and a similar oscillation is generated,
for nonzero k c . Note that an additional term of 1/R 5/2 is produced when the second singular is a constant. 37 Last, when the Fermi surface is close to zero energy and a Dirac point is enclosed, the corresponding FO can be shown to be,
with the energy-dependent screening vector q
is the result of the singular contribution of Θ(q − 2k F ) (q − 2k F ) 3 in Π D .
V. DISCUSSIONS
The previous studies [30] [31] [32] [33] 37 have established the fact that the FO's in extrinsic graphene follow that δn ∝ R −3 . Suggested by the model band structure in this paper, it is possible to observe such characteristic FO when the Fermi level is near zero energy. However, as the Fermi level is raising to higher energy, it is possible to see that δn along the principal 
2 independent of carrier density n. 40 Given
Eq. 18, we find that γ 2 has a similar dependence on n with γ 1 except the presence of the factor ln 4λ 2 which has a weak dependence on the carrier density.
In conclusion, we study the 
VI. APPENDIX
The integrals associated with Π is proceeded with first changing variable, which yields, 
with Θ = tan −1 λ, and follows with the identity, sec θ tan 2 θ z cos θ ± 1 = ± sec θ tan 2 θ − z sec 2 θ ± z 2 sec θ ± z − z 3 z cos θ + 1 .
Finally, the formulas below
and,
are employed in obtaining P (z). * Lu49@ntnu.edu.tw
